Control of the spatial and temporal properties of light propagating in disordered media have been demonstrated over the last decade using spatial light modulators. Most of the previous studies demonstrated spatial focusing to the speckle grain size, and manipulation of the temporal properties of the achieved focus. In this work, we demonstrate temporal control of the total impulse response integrated over all the spatial and polarization modes propagating through a multimode fiber. We notably demonstrate a global enhancement of light intensity at a chosen arrival time, as well as attenuating light intensity at an arbitrary delay. We also demonstrate the full polarization control of such engineered states and a multiple control at different delay times, which opens interesting perspectives for non-linear imaging through complex systems and high power fiber lasers.
INTRODUCTION
Light propagation in disordered systems has been extensively studied over the past 40 years [1] . Transmitted light through such materials takes the form of a speckle pattern, that is the signature of the interference between a huge number of modes within the sample. Although this speckle looks random, this mixing of light is nonetheless linear and thus deterministic. Wavefront shaping has revolutionized the spatial control of coherent light beams thanks to spatial light modulators (SLM) in such disordered systems [2, 3] , such as biological tissue, white paint or multimode fibers. Different approaches have been developed to control the propagation of coherent light that has suffered from scattering, such as iterative optimization [4, 5] , optical phase conjugation [6] and the measurement of the optical transmission matrix [7] . These methods have been further extended to the control of polarization [8] , spectral [9, 10] and temporal properties of light [11] , and widely used for imaging [12] [13] [14] [15] and optical manipulation [16] .
The spatial and temporal distortions of scattered light are coupled in disordered systems. Therefore, the temporal properties of a spatio-temporal speckle field can be adjusted with spatialonly control. In previous works, manipulating the temporal properties of scattered light was achieved with spatio-temporal focusing with a single SLM. The output pulse is focused on a single speckle grain, and the spectral properties of the focus are controlled to ensure a short duration of the output pulse. Spatio-temporal focusing of the output pulse can be reached for instance with optimization algorithms [17, 18] , digital phase conjugation [19] , pulse shaping methods [20] , or via the knowledge of the transmission matrix of the sample [11, 21] . However, the output pulse has only a short duration at this specified focus position, while the background speckle remains temporally elongated [22] . The temporal control is then limited to a specific spatial mode (speckle position or a specific spatial pattern), at the expense of undefined temporal behavior for the other spatial modes. A control of the full speckle pattern over a certain spectral bandwidth has been proposed based on the transmission matrix, with the time delay operator [23] [24] [25] . Nonetheless, the limited controlled spectral bandwidth does not allow a full temporal control of the spatio-temporal speckle.
In this paper, we propose a novel method to adjust the temporal properties of the total impulse response integrated over all the spatial and polarization modes propagating through a multimode fiber. After experimentally measuring the MultiSpectral Transmission Matrix (MSTM) of the fiber, we calculate the Time Resolved Transmission Matrix (TRTM) with a Fourier Transform. Exploiting the TRTM, we demonstrate both temporal enhancement and attenuation at specific delay times at the expense of undefined behaviour in the spatial domain. We also demonstrate control of the often neglected polarization degree of freedom, which represents half of all the modes supported.
EXPERIMENTAL SETUP AND MEASUREMENT OF THE MULTI SPECTRAL TRANSMISSION MATRIX OF A MULTIMODE FIBER
At a given wavelength λ, the transmission matrix U of a disordered system, such as a multimode fiber, linearly links the input field (adjustable with a SLM) to the output field (detectable with a camera). U is a N input × N output matrix, with N input and N output the number of spatial and polarization modes at the input and at the output of the system. The transmission matrix has been widely used to manipulate light that has suffered [7] or imaging purposes [26] . Recently, the transmission matrix has been extended to the spectral domain. The Multi Spectral Transmission Matrix [9, 21] , also known as the optical transfer function [27] , is a stack of transmission matrices U(λ) for a set of different input wavelength, that can be measured by sweeping the wavelength or using hyper-spectral imaging [28] . The MSTM enables a spectral control of the output field exploiting the spectral diversity of the medium, and could be used for focusing a pattern at a given wavelength [9, 27] , pulse shaping the output focus [21] and imaging through scattering samples [29] .
We exploit the setup presented in Fig. 1 to measure the Multi Spectral Transmission Matrix of a multimode fiber (MMF). The light source is a tunable continuous wave (CW) laser (New focus TLM-8700) operating between 1510 nm and 1620 nm. We use a phase-only spatial light modulator (Meadowlark P1920) to generate any spatial and polarization input state in amplitude and phase [30] . The SLM is located in the Fourier plane of a multimode fiber. The fiber is a 1m length of a 50 µm core radius step-index multimode fiber (Thorlabs M42L01), which theoritically supports approximately 127 spatial modes per polarization state [31] . The output field is measured with digital off-axis holography, using an external path-length matched reference beam and an InGaAs camera (Xenics Xeva-1.7-320). The two polarization states are measured on the left and the right side of the camera using a polarizer beam displacer.
We use a swept-wavelength interferometer (SWI) to measure the multi spectral transmission matrix of the MMF [27, 30] . We generate all the spatial and polarization modes (a total of N input = 254 modes) on the input facet of the MMF using the SLM. For each individual mode, we sweep the laser and record the output field for all the wavelengths with the digital holography beam analysis. The camera is triggered at 10.6 GHz through the sweep with an external Mach-Zehnder interferometer that acts as a k-clock. Each output field is then digitally decomposed in the Laguerre-Gaussian basis (N output = 650 modes). The spectral resolution of the SWI enables the measurement of N λ = 1273 monochromatic transmission matrices, at a speed of 16 seconds per input mode. Additional details on the experimental setup are provided in the Supplemental Material.
ENHANCING THE INTENSITY OVER ALL SPATIAL AND POLARIZATION MODES AT AN ARBITRARY DE-LAY TIME
With a sufficient spectral sampling, the MSTM can be Fourier transformed to access the transmission matrices as a function of delay U(τ). The obtained Time Resolved Transmission matrix (TRTM) contains the full relationship between the spatiotemporal input field to the spatiotemporal output field. The TRTM has been exploited so far to focus light in space and time [11] and to study spatio-temporal correlations [32] . We show in the Supplemental Material a set of transmission matrices at different delay times of the multimode fiber, that we calculated from our measured MSTM.
We demonstrate here how to exploit the TRTM to control the light intensity integrated over all spatial and polarization modes at an arbitrary delay τ s . The transmission matrix of the MMF at τ s , that we write U τ s , is extracted from the TRTM. Initially developed in acoustics [33, 34] , the Time Reversal Operator U † U, where the † operator stands for the conjugate transpose, has been extensively used in the monochromatic regime for selective focusing [35] , and the study of open channels [36] [37] [38] [39] . Indeed, its eigenvalues are directly related to the total transmitted energy at the output of the disordered system [40] . In the time domain, the eigenvectors of U † τ s U τ s have been used to study optimal transmission through scattering systems [41] . For instance, in order to maximize the transmitted energy at the delay time τ s , the input state E max input is the eigenvector of U † τ s U τ s associated to the highest eigenvalue [32] . Our experimental setup enables to measure all spatial modes in both polarizations at both ends of the fiber within U(λ), and thus within U τ s . Therefore launching E max input is thus enhancing both the horizontal and the vertical polarization states at the output of the MMF at the delay time τ s . In contrast with digital phase conjugation of U τ s [11] , this eigenstate is not focusing light in a certain spatial mode or in a spatial position: it is enhancing the light intensity at τ s for all the spatial and polarization modes.
We experimentally demonstrate this enhancement of light intensity at an arbitrary delay time in Fig. 2 . The delay time τ = 0 ps corresponds to the arrival time of the first principal mode of the MMF [23] . As an illustrative example, we maximize the transmitted intensity at τ max = 8.5 ps in Fig. 2a . Once we dis- play the eigenvector associated to the maximum eigenvalue of U † τ max U τ max onto the SLM, we measure the impulse response I(τ) of the output state. For this purpose, we measure the spectrally resolved output field E output (λ) with the SWI, while the fixed input state is being displayed on the SLM. The impulse response is calculated from the superposition over all the N output output modes:
withÊ output (τ, j) the Fourier transform of E output (λ) decomposed on the j-th output mode. The impulse response is then normalized. The calculated impulse response with Eq. 1 is then equivalent to what would be measured by a large photodetector at the end of the fiber.
In Fig. 2a ., we plot the experimentally measured time of flight distribution of the multimode fiber in blue color as a reference impulse response. It corresponds to the average impulse response I rand over a set of N rand = 20 random combinations over all spatial and polarization input states. The experimentally measured impulse response I τ max of the maximum eigenstate at τ max is plotted in red in Fig. 2a , which clearly shows a sharp peak at τ max . This impulse response could be numerically predicted with the MSTM. For every wavelength λ, the expected output Fig. 2a , which is, as expected, very similar to the experimentally measured impulse response.
From the spectrally-resolved field measurements, we can reconstruct the output intensity at the delay time τ max with a Fourier transform. On the inset of Fig. 2a ., we show the reconstructed intensity at τ max for both polarization states for the enhancing eigenstate (top row). The output intensity is here spread over a combination of spatial modes for both the horizontal and the vertical polarization. As a contrast with digital optical phase conjugation of the TRTM [11] , the output intensity is not spatially focused to a mode or to a speckle grain. As a comparison, we also show the reconstructed intensity of a random combination of input modes of both polarization at τ max , with the same color-bar (bottom row).
Similarly to spatial focusing experiments [4] , we define an enhancement ratio η(τ max ) when enhancing the output intensity at delay time τ max . Based on the impulse responses plotted in Fig. 2a ., η(τ max ) is defined as follows:
with I τ max (τ max ) and I rand (τ max ) the intensity of the impulse response of the enhancing eigenstate and the time of flight at the delay time τ max . In Fig. 2b ., we compare the enhancement ratio η(τ) calculated with the experimentally measured impulse responses (red markers) with the expected enhancement η numerical (τ) (green markers) for a set of different arrival times spread between τ = 0 ps and τ = 45 ps. The expected enhancement η numerical (τ) is calculated with Eq. 2, where I numerical τ max replaces I τ max . As the TRTM contains the full spatiotemporal relationship between the input and the output fields, η(τ) follows, as expected, a similar trend as η numerical (τ).
ATTENUATING THE INTENSITY OVER ALL SPATIAL AND POLARIZATION MODES AT AN ARBITRARY DE-LAY TIME
The time reversal operator U † τ s U τ s enables to adjust the transmitted intensity over all spatial and polarization modes at the delay τ s . Exploiting the eigenvector associated with its maximum eigenvalue enables enhancement of intensity at τ s . Instead of enhancing the light delivery, we can also attenuate the impulse response at the delay time τ s with the eigenvector E min input associated with the minimum eigenvalue of U † τ s U τ s . We illustrate in Similarly to the enhancement ratio defined in Eq. 2, we also define an attenuation ratio ρ(τ min ) for such minimum eigenstates:
We plot the attenuation ratio in logarithm scale for a set of different delay time between 0 ps and 45 ps in Fig. 3b . Both the experimental and the expected attenuation ratios are following the same trend. However, the experimental conditions are not allowing a pure zero-intensity in the experimentally-measured impulse response. Indeed, the MSTM of the MMF has slightly decorrelated between its measurement and when the eigenstates are being measured. Besides, the superposition of the N input = 254 input modes on the SLM might not be as accurate as expected in the experiment. Finally, the experimental stability level, whether on the detection as well as on the illumination, are adding some noise which prevents the observation of a pure zero-intensity in the impulse response.
POLARIZATION CONTROL OF THE GENERATED OUTPUT STATE
The propagating modes in the multimode fiber are polarizationresolved. In order to address all the modes, it is essential to control both the spatial and the polarization degrees of freedom. Wavefront shaping experiments in disordered materials, including multimode fiber, are often measuring only a quarter of the transmission matrix, by neglecting a polarization state both at the input and at the output [7, 24] . The experimental setup presented in Fig. 1 enables the measurement of the polarizationresolved MSTM of the MMF. Indeed, we can generate and detect independently the two polarization states for all the spectral components. Therefore the MSTM U(λ) could be written as follows:
with U ij (λ) the transmission matrix relating the input spatiotemporal field on the i − th polarization state to the output spatiotemporal field on the j − th polarization state. The dimension of each sub-matrix is N input /2 × N output /2. Let's assume we want to generate an arbitrary state in a chosen polarization state j at the output of the fiber at a wavelength λ, whether j is H or V.
For this purpose we thus use U j (λ) = [U Hj (λ) U V j (λ)] [27] . In the delay domain, the calculated TRTM from the experimentally measured MSTM is also polarization-resolved: U j,τ s is the TRTM at the delay time τ s for the output polarization state j. The time reversal operator U † j,τ s U j,τ s enables then a temporal control of the overall combination of spatial modes for a specific arrival time τ s and a specific polarization state at the output of the MMF.
Similarly to Fig. 2 , the output intensity can be enhanced over all the spatial modes for only the j-polarization state at the output. The input field E max,j input is the eigenvector associated to the maximum eigenvalue of U † j,τ s U j,τ s . In Fig. 4a and Fig. 4b , we plot the polarization-resolved impulse responses associated to such eigenstates with τ s = 8.5 ps. The polarization-resolved impulse responses are calculated with Eq. 1, using only the output modes on the chosen polarization state. Fig. 4a and Fig. 4b clearly evidence an enhancement of the intensity overall spatial modes at τ s for either only H or only V. The reconstructed intensity at the output for H and V at the delay time τ s confirms that the transmitted light at τ s is polarized in the chosen state. The MMF in conjunction with the SLM can then be used as an accurate deterministic polarization control device in the time domain. This experiment could also be used to study polarization recovery in scattering media [42] .
We also demonstrate an attenuation of a chosen polarization state at the output of the fiber at the delay time τ s . Instead of launching E max,j input , we calculate E min,j input which is the input eigenvector associated to the minimum eigenvalue of U † j,τ s U j,τ s . Fig. 4c and Fig. 4d present the experimental polarization-resolved impulse responses associated to such eigenstates for attenuating either only H or only V. Fig. 4c and Fig. 4d unambiguously reveal a strong attenuation at τ s for the controlled output polarization state.
MULTIPLE DELAY CONTROL
In Fig. 2 , we have demonstrated the enhancement of light intensity at a chosen arbitrary time τ s over all the spatial and polarization modes. The TRTM could also be used to shape more complex impulse responses. Spatio-temporal focusing over multiple space-time positions have been demonstrated with digital optical phase conjugation of the TRTM [11] . Here we demonstrate an enhancement of the transmitted light intensity at multiple delay times with the experimental setup of Fig. 1 .
The time reversal operator U † τ s U τ s enables to adjust the transmitted energy at the delay time τ s . Fig. 2 and Fig. 3 have shown this control for either enhancing or attenuating light intensity at a chosen delay time τ s . The spectral diversity of the multimode fiber ensures that this control is only affecting delays around τ s , as the transmission matrices as a function of wavelength/delay are uncorrelated over a sufficient bandwidth/time interval [21, 23, 24] .
In order to enhance light intensity at two different delays τ 1 and τ 2 input enables a control of the impulse response at the two delay time τ 1 and τ 2 . The phase of the solution would then be displayed on the SLM, similarly to spatio-temporal focusing at multiple delays [11, 21] . This control can be extended to a superposition of N superpos. delay times. The input field would then read:
with E max,τ i input the eigenvector associated with the highest eigenvalue of U † τ i U τ i . In practice, N superpos. would be limited by the temporal width of the impulse response of each single mode. The impulse responses may interfere for different times, especially if the τ i are close in the time domain. We plot in the Supplemental material the temporal correlation between the different Time Resolved Transmission Matrices. The quality of the superposition of the modes on the SLM would also limit the efficiency of a high N superpos. .
In Fig. 5 we demonstrate multiple delay control of the transmitted intensity with the experimental setup of Fig. 1. In Fig. 5a , N superpos. = 6 delay times are controlled, evenly spread between 4 ps and 44 ps. Fig. 5b illustrates a similar control over a narrower time interval. The intensity of N superpos. = 7 delay times is enhanced, evenly spread between 4 ps and 19 ps. We clearly identify N superpos. peaks in Fig. 5a and Fig. 5b . The amplitude ratio between these peaks could also be adjusted using an amplitude coefficient in the superposition in Eq. 5. A control of different N superpos. within the same time interval is presented in the Supplementary material. This multiple delay control could also be exploited in conjunction with Fig. 4 , where the two polarization states could be manipulated at different arrival times.
The ability to manipulate multiple delay times within long delay and dispersion provided by a very compact optical system such as a multimode fiber opens interesting perspectives for compact pulse shaping experiments. We believe this multiple delay control might also be useful for coherent control and pump probe experiments for imaging purposes or for complex control of light-matter interactions.
CONCLUSION AND PERSPECTIVES
Over the last decade, wavefront shaping with spatial light modulators have revolutionized the study of light propagation in disordered systems, where scattering was considered as an insurmountable obstacle. Most of the previous works studied spatial control of the output field at the expense of the temporal behavior. We have demonstrated here the temporal control of light intensity averaged over all the spatial and polarization modes after propagation through a multimode fiber, at the expense of the spatial pattern. More precisely, we have shown how to enhance or to attenuate the transmitted intensity at any arbitrary delay times, arbitrary polarisation state, and arbitrary combinations of these. This work could be useful for the study of correlations in disordered systems [32, [43] [44] [45] telecommunications [46] , non-linear imaging [29, 47] and endoscopy [48] [49] [50] through complex systems, time-gating imaging [51, 52] and high power fiber laser [53] .
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S1. ADDITIONAL INFORMATION ON THE EXPERIMEN-TAL MEASUREMENT OF THE MULTI SPECTRAL TRANSMISSION MATRIX
The experimental setup presented in Figure 1 enables us to shape the input Gaussian beam from the laser into an arbitrary spatial and polarization state. A polarization controller (not shown in Figure 1 ) aligns the input polarization state such that the power is split equally between the H and V ports of the first polarization beam splitter. The vertical polarization beam is rotated with an half waveplate, as required for the LCOS-SLM beam shaping. These two beams are then independently manipulated on the left and the right sides of the spatial light modulator [S1]. For clarity purposes, on Figure 1 the SLM is illustrated as transmittive, however in reality the SLM is used in reflection. The two polarization beams are then recombined using polarization optics and imaged onto the input facet of the multimode fiber. In order to achieve amplitude and phase modulation of the input beam with a phase-only SLM, spatial filtering in the Fourier plane of the SLM is required. This spatial filtering is performed by the multimode fiber itself, which is located in the first diffractive order of the SLM in the Fourier plane.
The transmission matrix is measured in the mode basis of the multimode fiber. The N input /2 modes per polarization are sent one after another onto the input facet of the multimode fiber. For a given input mode (for either the horizontal or the vertical polarization), the phase pattern to be displayed onto the SLM is calculated with the Gerchberg-Saxton algorithm [S2] . After propagation through the multimode fiber, the transmitted output field is then measured with the digital off-axis holography setup simultaneously for the two polarization states. The output field is overlapped with the N output /2 modes per polarization. We decompose the output field in the LG basis for computation complexity reasons. The decomposition is made with many more modes until almost all power is accounted for, which explains why we have N output > N input . The mode decomposition at the output, for a specific input mode, forms a column of the transmission matrix.
The Multi Spectral Transmission Matrix U(λ) is the stack of transmission matrices for all the measured spectral components. Figure S1a shows the amplitude of three transmission matrices measured at different wavelengths. Figure S1a3 shows a zoom of the amplitude of transmission matrix at λ = 1510 nm. For a given input mode, the polarization content of the output field is interlaced, which defers slightly with the way U(λ) is written in Equation 4 . Nonetheless, one can re-organize the mode decomposition coefficients within the transmission matrix to match Equation 4.
S2. CORRELATION BETWEEN TIME RESOLVED TRANSMISSION MATRICES
The Time Resolved Transmission matrix is calculated with the experimentally measured MSTM, with a Fourier transform along the spectral axis. Figure S1b2 illustrates the total power per delay. Figure S1b3 shows the transmission matrix at three different delay times: 0 ps, 20 ps and 40 ps. The low order modes tend to have most of their power at early arrival times, while the higher order modes have most of their power at longer arrival times. In a step-index multimode fiber, the impulse response of each mode is broad in the time domain, as each input mode is coupled along propagation with other modes that have different group delays. When we manipulate the impulse response at different delay times, the impulse response could interfere if the delay times are close to each other. We can quantify this minimum time interval where the transmission matrices won't be correlated to each other with the temporal correlation C(τ,τ ). We define the correlation C(τ,τ ) as the overlap between the transmission matrix U(τ) at delay τ and the transmission matrix U(τ ) at delay τ :
with U ij (τ) the coefficient of the transmission matrix at delay τ relating the i − th input mode and the j − th output mode, and * the complex conjugate operator. With this definition, we thus have C(τ,τ)=1, which corresponds to the auto-correlation of the time resolved transmission matrix at time τ. Figure S2 shows the 2D map of C(τ,τ ) for τ and τ between 0 ps and 50 ps. On average, for a given delay τ, the correlation C(τ,τ + δτ) is negligible (e.g C(τ,τ + δτ)<0.1 ) for δτ ∼ 1 − 2 ps.
S3. MULTIPLE DELAY CONTROL: ADDITIONAL EXAM-PLES
In Figure 5 , we show multiple delay control by superposing N superpos. eigenstates at different arrival times. More precisely, we show a superposition of N superpos. = 6 solutions within a 40 ps time interval, and N superpos. = 7 solutions within a 15 ps time interval. We provide additional superposition plots in Figure S3 and Figure S4 , with N superpos. varying from 2 to 9, within 40 ps in Figure S3 and within 15 ps in Figure S4 . 
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